We characterize the response of a parametric nonlinear optical circulator to realistic signals that have finite bandwidths. Our results show that intermodulation distortion (IMD), rather than pump depletion or compression, limits the maximal operating signal power and the dynamic range of nonlinear parametric circulators. This limitation holds even in the undepleted pump regime where nonlinear circulators are not constrained by dynamic reciprocity. With a realistic pump power, noise floor, and nonlinear waveguide, our numerical modeling demonstrates a maximally achievable spur-free dynamic range (SFDR) of 81 dB.
Circulators play the key role of separating high-power outgoing signals from low-power received signals in optical transceivers and interferometers for communication, signal-processing, ranging, and imaging applications in optics and microwave photonics. Because these applications involve broadband signals, the linearity of the circulator transfer function is crucial for maintaining a large signal-to-noise ratio (SNR), especially for systems requiring high spectral efficiency or digital modulation schemes with high peak-to-average power ratios. High linearity of the circulator transfer function in the forward direction minimizes signal distortion and the associated spurious signals that cause inter-channel and intra-channel interference [1] .
Conventionally, in order to break reciprocity, optical circulators rely on the gyromagnetic effect, a linear magneto optical (MO) effect [2, 3] . However MO materials are challenging for on-chip integration due to material incompatibility as well as the requirement of large interaction lengths that overcome weak magnetic effects at optical frequencies. More recently, time-reversal symmetry breaking has been achieved via second-order [4, 5] and third-order optical nonlinearities [6] [7] [8] as well as stimulated Brillouin scattering (SBS) [9] . These approaches show great promise for realizing CMOS compatible circulators with smaller device sizes and improved integration. However, dynamic reciprocity limits a nonlinear circulator's ability to isolate signals in neighboring frequency bands [10] . This makes it challenging to use such circulator designs in broadband systems where signals at multiple ports must be simultaneously routed. Moreover, breaking time-reversal symmetry with nonlinearity imposes a fundamental lower limit on the operating signal power level, below which the system scatters light reciprocally.
A recently proposed class of nonlinear circulator and isolator designs have operated in the undepleted pump regime of parametric three-wave mixing. In these systems the interaction of signal and idler waves is effectively linear, overcoming the constraint of dynamic reciprocity * ian.williamson@utexas.edu † zheng.wang@austin.utexas.edu while, in principal, eliminating the lower limit on operational signal power. However, the overall design space for parametric nonlinear circulators has not been fully explored, and the range of allowable signal powers has not been quantified. Moreover, the response these devices to finite-bandwidth signals has not been considered. It is therefore critical to evaluate the suitability of parametric nonlinear processes in realistic circulator designs, which could be constrained by practical limits on pump power and noise performance.
In this letter we first review the operating principals of a parametric nonlinear optical circulator. We then numerically characterize the broadband performance of the circulator by modeling its response to a two-tone signal, allowing us to characterize intermodulation distortion, dynamic range, and the allowable signal power levels of the circulator relative to the pump wave. Our results reveal that that despite not being constrained by dynamic reciprocity, parametric nonlinear circulators suffer significant signal distortion and a reduced dynamic range even arXiv:1711.02060v1 [physics.optics] 6 Nov 2017 in the undepleted pump regime. This could potentially inhibit their use in next generation optical communications and signal processing systems requiring very high dynamic range.
Parametric nonlinear circulators are implemented in resonant [8] or waveguiding geometries [11] , where photonic modes are coupled via symmetry and momentum matching of the modulating radio frequency signal or the optical pump. Here we focus only on a waveguide implementation that leverages a nonreciprocal phase shift (NRPS). When inserted into one arm of a dual-input dual-output Mach-Zender interferometer (DIDO-MZI), as shown in Fig. 1a , the NRPS is converted into a circulator response in terms of scattered power, with transmission occurring from port 1 → port 2 → port 4 → port 3 → port 1.
The NRPS in the parametric circulator is achieved through a χ (2) Rabi oscillation between signal and idler waves within a waveguide [5] . In the undepleted pump limit, where the pump amplitude is much higher than the signal and idler amplitude, A p A s(i) and with perfect phase matching, the amplitude of the signal and idler waves have a sinusoidal spatial dependence [12] ,
(1)
In the more general case of the signal wave amplitude approaching the pump amplitude, Jacobi elliptic functions describe the evolution of the wave amplitudes [13] . The nonlinear coupling coefficient,
defines the characteristic interaction length of the parametric process. From Eqn. 1 it is clear that undergoing one Rabi cycle, κz = π results in a π phase shift for the signal wave. Moreoever, this phase is nonreciprocal or directional via the momentum matching condition of the parametric process, k s + k p = k i through the engineered dispersion of an on-chip waveguide, and can also be viewed as an indirect mode transition induced by the pump [11] . Although useful for highlighting the operating principals of the nonlinear waveguide, the transfer function for the signal described by Eqn. 1 does not apply to the case of a finite-bandwidth input signal. In general, the broadband response is not simply the superposition of the response at individual frequencies due to cascaded mixing among different tones that make up the signal and idler waves [14] . Parasitic multi-tone mixing leeches energy from the desired signal → idler → signal process, and generates spurious tones that interfere with the signals being routed by the circulator.
In microwave photonics the linearity of an optical link, in terms of a fundamental input and output RF signal, waveguide for input signal tone powers of -10 dBm and +10 dBm. The pump power is 20 dBm. The horizontal axis is normalized to the pump wave amplitude and the nonlinear coupling coefficient. Revival of the signal wave occurs for zκ = π.
is characterized with a two-tone test [15] . This underpins the system's response to a broadband excitation, where the two tones represent any arbitrary pair of frequencies within the continuous input spectrum. A test setup for exciting two optical tones is the single-sideband (SSB) transmitter architecture and direct detection receiver (Fig. 1b) . The two fundamental microwave tones are Ω 1 and Ω 2 which are upconverted to ω c +Ω 1, (2) , where ω c is the optical carrier (Fig. 2a,b) . In this architecture the optical carrier at ω c is filtered at the output of the modulator. Intermodulation distortion (IMD) products arise in the output microwave spectrum at combinations of the two fundamental input tones (Fig. 2a) : second order intermodulation distortion (IMD2) spurs occur at frequencies Ω 2 ± Ω 1 and third order intermodulation distortion (IMD3) spurs occur at frequencies 2Ω 1(2) − Ω 2(1) .
In the nonlinear parametric phase shifter, the third order spur (IMD3) dominates as the result of a threestage cascaded nonlinear process within the waveguide. First, the two input signal tones are upconverted to tones on the idler wave at ω c + ω p + Ω 1 (2) . In the second stage, each idler tone at ω c + ω p + Ω 1(2) mixes with its opposite signal tone at ω c + Ω 2(1) to generate spur tones around the pump wave at ω p + Ω 1(2) − Ω 2 (1) . Finally, the sprs around the pump wave mix with the signal (idler) tone in a SFG (DFG) process to generate the spurs around the idler (signal) tones. These spurs around the signal tone ultimately show up as IMD3 tones in the output microwave spectrum after demodulating from the optical carrier.
The proximity of these IMD3 spurs to the signal tones inherently limits the signal fidelity because they can not be optically filtered. Moreover, because the incident signals at any of the MZI ports pass through the χ (2) waveguide (Fig. 1a) , the resulting IMD3 spurs will have the potential to interfere not only within their own pathway, but also with other pathways in the circulator. For example, the IMD3 spurs generated from the signal incident at port 1 will show up in the output of both port 2 and port 3. Similarly to the limitation of dynamic reciprocity [10] , this interference presents a fundamental challenge for full-duplex communications where a high-power transmit signal must be routed simultaneously with a much lower power received signal. The IMD3 spurs resulting from the high power transmit signal would completely overwhelm the much lower power received signals.
The output power of the IMD3 spur ultimately determines the operating signal power levels of the circulator. As a concrete example, a pump power of 20 dBm with an input signal power of -10 dBm (in both tones) generates an output IMD3 spur that is less than -120 dBm at the waveguide length for complete signal revival, zκ = π (Fig. 2c, left side) . However, when the input power of the two signal tones is increased to 10 dBm, the IMD3 spur power increases to approximately -40 dBm for the same waveguide length (Fig. 2c, right side) . This is due to a nonlinear shift in the spatial null of the IMD3 spur which arises from the cascaded nonlinear process described above. These results were computed by numerically solving the nonlinear coupled amplitude equations [16, 17] , accounting for all frequency components shown in Fig. 2b . The template coupled amplitude equation for a wave with index l is
In Eqn. 4, the first term captures all possible sum frequency generation (SFG) processes that couple with the wave at ω l , and the second term captures all possible difference frequency generation (DFG) processes that couple with the wave at ω l . The linearity of the signal transfer function holds for power levels well below the pump power where a waveguide length satisfying zκ = π, completely recovers both signal tones with no insertion loss (Fig. 3a) . Here both signal tones have identical input powers and have essentially the same same spatial dependence along the nonlinear waveguide. For signal powers that are within 8 dB of the pump, compression of the output signal tones occurs. At such high signal power, the pump wave can no longer provide enough energy to sustain the Rabi oscillation between the idler and signal waves, which is critical for achieving a linear response in the NRPS. At first glance, compression may be seen as the upper limit on allowable signal power but in fact, the IMD3 spur limits the system response before the onset of pump depletion. A noise floor is used to quantify the relative strength of the intermodulation spurs. In the optical domain the photo diode noise equivalent power (NEP) is defined as the optical intensity that results in a signal-to-noise ratio (SNR) of unity in the output, P NEP = S √ B/R = -83 dBm. Here, we assume a photodiode noise output spectral density S = 0.6 A/ √ Hz, a photodiode responsivity R = 0.8 A/W, and a detector bandwidth B = 1 Hz.
The input intercept point (IIP) and output intercept point (OIP) define the input and output signal power, respectively, where the system produces an equal signal and spur power. These points are used to extrapolate back to the noise floor and calculate a spur-free dynamic range (SFDR) as
where n = {2, 3, . . .} is the order of the dominant intermodulation spur. At the length for complete revival of the signal wave zκ = π, the SFDR reaches its maximal value of 81 dB due to the spatial null in the IMD3 spur for low signal powers (Fig. 3a) . For a perturbed length (or pump power) where zκ ≈ 3.7120 = 1.184π, the SFDR drops to 69 dB due operation away from the spatial null of the IMD3 spur (Fig. 3b) . This indicates that obtaining the largest possible SFDR requires careful balancing of the system fabrication constraints as well as the pump power that is ultimately coupled into the on- Figure 4 . Design chart for a nonlinear optical phase shifter showing output power levels of (a) signal waves at ωc + Ω 1 (2) and (b) third-order intermodulation distortion products (IMD3) at ωc + 2Ω 1(2) − Ω 2 (1) . The vertical axis is the input signal power and the horizontal axis is the normalized length of the waveguide. The pump power Pp = 20 dBm and the red dashed contour indicates complete recovery of the signal waves and begins to curve at high input powers due to pump depletion. chip nonlinear waveguide. At the waveguide length and pump power with maximal SFDR (zκ = π), the IMD3 slope is 6 in log-log scaling, rather than 3, even though the spur is third-order. The much steeper dependence on input signal power at this length is what opens up a wider spur-free range of operation.
The maximum SFDR of 81 dB is far below the SFDR of modern microwave optical links which can be on the order of 110 dB or greater [1] . This points to this particular parametric circulator architecture being a bottleneck for signal fidelity. The computed design chart showing the signal power level as a function of both waveguide length and input power shows the fundamental challenge of simultaneously maintaining low insertion loss, avoiding signal compression, and having a high dynamic range (Fig. 4a) .
Only a narrow region of the parameter space can be used for optimal device operation, where the dotted red contour indicates complete signal revival. Its curvature at large signal powers indicates that for a fixed waveguide length and pump power, negligible insertion loss can not be achieved for all possible input signal powers. Complete revival can occur for a single waveguide length, but only up to powers of approximately 5 dBm, which is 15 dB below the pump. The null in the IMD3 spur closely tracks the signal revival contour but diverges slightly once the input signal power exceeds approximately 5 dBm (Fig. 4b) . The corresponding null is where the maximum SFDR is obtained. On the other hand, operating at a waveguide length and pump power where zκ = π, doesn't result in a significant increase in the link's insertion loss. However, a much more significant penalty is observed in the SFDR as is also confirmed by Fig. 3a .
Our numerical modeling indicates that despite not being constrained by dynamic reciprocity, nonlinear parametric optical circulators have a reduced dynamic range that may be too low for next generation all-optical signal processing systems. In order to improve the dynamic range from the 81 dB predicted by our simulations, either the noise floor must be reduced or the pump power must be increased. For a lower noise floor, the increase in dynamic range will be associated with a reduced maximum signal power, corresponding to the intersection of the dashed horizontal line and the red spur line of Fig.  3a ,b. Importantly, the intermodulation distortion resulting from the NRPS will carry over to adjacent ports (e.g port 3, when transmitting from port 1 to port 2) because the spurs from the χ (2) process can not be canceled at the 50/50 coupler. In practice, this will result in significant in-band interference between simultaneous excitations of the circulator ports, such as a full-duplex application. Although we have only considered a nonlinear waveguide geometry in this work, we believe that similar conclusions will apply to resonant nonlinear processes. The linewidth of an optical cavity can not filter IMD3 spurs generated from arbitrarily small signal tones.
METHODS
In this work the effective nonlinear coupling was d eff = 2.5 × 10 −12 V/m, the effective mode area was S = 1 × 1 µm 2 , the waveguide length was 50.638 mm for κz = 4, and the pump power was 20 dBm. The RF signal tones were Ω 1 = 9 MHz and Ω 2 = 11 MHz. The optical carrier was ω c = 200.1 THz and the pump frequency was ω p = 201.2 THz. All results in this work were computed by expanding the template Eqn. 4 into a set accounting for all 11 frequencies shown in Fig. 3b with the sum-and difference-frequency coupling accounted for by the Dirac delta functions. The resulting set of coupled equations was solved with Newton's method and a Crank-Nicolson finite differencing scheme [18] .
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